A new optical method for angle measurement based on totalinternal-reflection heterodyne interferometry is presented. In this method, heterodyne interferometry is applied to measure the phase difference between s and p polarization states at total internal reflection. This phase difference depends on the angle of incidence. Hence, smallangle measurement can be performed only by evaluating this phase difference. The validity of the method is demonstrated, and it has a measurement range of 10 deg. Its resolution depends on the angle of incidence; the best resolution is 8ϫ10 Ϫ5 deg. © 1997 Society of Photo-Optical Instrumentation Engineers. [S0091-3286(97)02406-9] Subject terms: angle measurement; total-internal-reflection effect; heterodyne interferometry.
Introduction
Optical measurement of small angles is conventionally performed with interferometers [1] [2] [3] [4] [5] and autocollimators. [6] [7] [8] [9] They have been widely used in alignment, machine-tool calibration, and many other applications. Although they are sensitive and accurate, their sizes are too large to be used in some space-limited areas. In order to solve these problems, Huang et al. 10, 11 proposed an optical method for smallangle measurement, namely, angle measurement based on the internal-reflection effect ͑AMIRE͒. In Huang's method, a beamsplitter is used to separate the incident beam into two beams with equal intensity, and two right-angle prisms are located on a rotary stage in an orthogonal alignment such that internal reflections occur in them. By measuring the reflectance difference between these two prisms, the small rotation angle can be estimated. This technique has some merits, such as a more compact size, simple setup, low cost, and high resolution, but there are still some disadvantages that might be alleviated:
1. Due to the intensity measurements, it can be performed only in the darkroom with a high stable light source. 2. The reflectance of a beamsplitter and the unnecessary reflectances at the entrance and exit surfaces of the prisms depend on the incident angle, so the measurands should be carefully estimated to enhance their accuracies. 3. The measurement range is too small ͑about 1.6 deg͒.
In this paper, in contrast to Huang's method, a new optical method for angle measurement based on total-internalreflection heterodyne interferometry ͑TIRHI͒ is presented. In this method, the phase difference between s and p polarization states at total internal reflection is measured with heterodyne interferometry. Because the phase difference depends on the incident angle, small-angle measurement can be performed by evaluating only the phase difference. This method has several advantages. First, the phase difference is independent of the intensity and can be extracted accurately despite surrounding light and instability of the light source. Second, it has high stability against air turbulence, due to its common-path configuration. Third, the optical setup is simple, compact, and easy to align. Furthermore, it has a high resolution and a larger measurement range.
The Principle of TIRHI

The Relation Between the Phase Difference and the Incident Angle at Total Internal Reflection
A ray of light in air is incident at i on one side surface of a right-angle prism with refractive index n as shown in Fig.  1 . The light ray is refracted into the prism and propagates toward the hypotenuse surface of the prism. At that surface there is a boundary between the prism and air. If the angle of incidence at the boundary is 1 , then we have Here the signs of 1 and i are defined to be positive if they are measured clockwise from a surface normal. Because 1 is larger than the critical angle, the light is totally reflected at the boundary. According to Fresnel's equation, 12 the phase difference between s and p polarization states is given as
͑2͒
Substituting Eq. ͑1͒ into Eq. ͑2͒, then we have
͑3͒
For convenience, let
͑4͒
then Eq. ͑3͒ can be rewritten as
Then we obtain
To understand what the signs Ϯ in Eq. ͑6͒ represent, the later experimental condition nϭ1.51509 is substituted into Eq. ͑3͒, and a plot of the phase difference against the incident angle i is obtained and shown in Fig. 2 . The plus sign and minus sign in Eq. ͑6͒ then correspond to the regions whose slopes are negative and positive in Fig. 2 , respectively. In the former region, the absolute value of the slope is larger than in the latter, so the technique is more sensitive and has a higher resolution. Hence, we choose this region for our measurement range, that is, from the incident angle ϭ0 ͑i.e., 1 Fig. 2 The curve of versus i . Substituting the data on into Eqs. ͑7͒ and ͑8͒, the incident angle ͑or rotation angle͒ i can be calculated. Here, the output of the phase meter is sent to a personal computer for calculation, so this method can be performed in real time and with high resolution.
Experiments and Results
A right-angle prism of BK7 glass with refractive index 1.51509 for 632.8-nm wavelength was used, and it is mounted on a high-precision rotary stage ͑PS--90͒ with angular resolution 0.005 deg, manufactured by Japan Chuo Precision Industrial Co. Ltd. The incident angles i of this prism, that is, the rotation angles of the rotary stage, were evaluated. Based on the measurement sensitivity and the above descriptions, the measurement range Ϫ5.6р i р5 deg was chosen. A He-Ne laser with a 632.8-nm wavelength and an electro-optic modulator ͑PC200/2, manufactured by England Electro-Optics Developments Ltd., with half-wave voltage 170 V͒ were used in this test. The frequency of the sawtooth signal applied to EO was 2 kHz. A phase meter with resolution 0.01 deg, built in this laboratory, was used. The experimental curve of versus i for angle measurement is shown in Fig. 4 . In the figure, the ϩ spots represent the evaluated values of the rotation angles which are obtained by introducing the data of into Eqs. ͑7͒ and ͑8͒, and the circles represent the direct readouts of the division marks of the rotary stage. It is clear that they are in good correspondence.
Discussion
From Eq. ͑3͒, we can get
where ⌬ i and ⌬ are the rotation angular error of the measurement of the rotary stage and angular error of the phase difference. It is obvious that, the angular resolution of the measurement is dependent on the incident angle of the prism ͑i.e., the rotation angle of the rotary stage͒ and the angular resolution of the phase meter. In our experiment, the angular resolution of the phase meter is 0.01 deg. Consequently, the curve of ⌬ i versus i can be obtained by substituting nϭ1.51509 and ⌬ϭ0.01 deg into Eq. ͑10͒, as shown in Fig. 5 . Obviously, the rotation angular error becomes smaller as i decreases. The best resolution can be obtained as the incident angle is in the neighborhood near the critical angle ͑i.e., i ϷϪ5.6 deg), and it is 8 ϫ10 Ϫ5 deg.
Conclusion
A new optical method based on TIRHI for angle measurement is presented. 
